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STATIONARY DENSE OPERATORS IN SEQUENTIALLY
COMPLETE LOCALLY CONVEX SPACES
DANIEL VELINOV, MARKO KOSTIC´, AND STEVAN PILIPOVIC´
Abstract. The purpose of this paper is to investigate the stationary dense
operators and their connection to distribution semigroups and abstract Cauchy
problem in sequentially complete spaces.
1. Introduction and Preliminaries
In [15] and [12] are given definitions of a distribution semigroups with densely
and non densely defined generators. Stationary dense operators in a Banach space
E and their connections to densely defined distribution semigroups are introduced
and analyzed in [11]. Our main aim in this paper is to consider such operators
when E is sequentially complete locally convex space.
When we are dealing with a semigroup in a locally convex space, in order to
have the existence of the resolvent of an infinitesimal generator A, we suppose that
the semigroup is equicontinuous. Moreover for A, we are led to study the behavior
of A∞ in D∞(A). If A is stationary dense, the information lost in passing from A
in E to A∞ in D∞(A), can be retrieved. Let us emphasize that the interest for the
stationarity of A comes out from the solvability of the Cauchy problem u′ = Au,
u(0) = u0, for every u ∈ D(An) for some n. This is noted in Proposition 2.3.
In Theorem 2.12 we have a partial answer to the converse question: Whether the
solvability for every x ∈ D(An) implies n-stationarity. Also, we extend the results
of [2], [11], [18] and give new examples of stationary dense operators on sequentially
complete locally convex spaces.
Here we denote with E a sequentially complete locally convex space with system
of seminorms ⊛. For a closed linear operator A we define D∞(A) =
⋂∞
n=1D(A
nx),
for x ∈ E. Then the space D∞(A) is Fre´chet space as a projective limit of Fre´chet
spaces with seminorms pn(x) = sup
p∈⊛
n∑
k=0
p(Akx), for for all q ∈ ⊛ and x ∈ D∞(A) ⊆
E, n ∈ N.
The distribution semigroups are defined by ([15]):
A distribution G is a distribution semigroup (shortly DSG) if following conditions
are satisfied:
(i) G ∈ D′+(L(E;E)), G = 0, for t < 0;
(ii) G(ϕ ∗ψ) = G(ϕ)G(ψ) for all ϕ, ψ ∈ D0, where D0 is the space of all ϕ ∈ D
such that ϕ(t) = 0 for t < 0;
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(iii) Let ϕ ∈ D0, x ∈ E and y = G(ϕ)x. The distribution Gy is equal to a
continuous function u on [0,+∞) and u(t) = 0 for t < 0 with range in E
and u(0) = y;
(iv) The range of the all elements G(ϕ)x, where ϕ ∈ D0, x ∈ E is dense in E;
(v) If for all ϕ ∈ D0, G(ϕ)x = 0, x ∈ E then x = 0.
In further consideration will be used the last definition of distribution semigroups,
although often are considered semigroups which are not densely defined (cf. [12]).
In order to give the definition of exponential distribution semigroups we give the
definition of the spaces through tempered distributions. Let a ≥ 0. Then
SEa(R) := {φ ∈ C
∞(R) : eatφ ∈ S(R)}.
Define the convergence in this space by
φn → 0 in SEa(R) iff e
a·φn → 0 in S(R).
Denote by SE ′a(R, E) the space L(SEa(R), E) which is formed from all continuous
linear mappings from SEa(R) into E equipped with the strong topology.
It holds,
F ∈ SE ′a(R, E) if and only if e
−a·F ∈ S ′(R, E).
In sequel will be given the structure of the space SE ′a(R, E) used in definition of
exponential distribution semigroups.
Proposition 1.1. Let T ∈ SE ′a(R, E). Then there exists an polynomial P and a
function g ∈ C(R, E) with the property that there exist k > 0 and C > 0, such that
e−ax||g(x)|| ≤ C|x|k, x ∈ R and T = P (d/dt)g.
The proof of this proposition is similar like in ultradistribution case, even more
simple (see [9], [10] for ultradistribution and hyperfunction case, when E is a Ba-
nach space), hence will be omitted.
A distribution semigroupG is an exponential distribution semigroup, (E-distribution
semigroup, (EDSG) shortly), if in addition to (i)− (v), G fulfills:
(vi) (∃a ≥ 0)G ∈ SE′a(R, L(E))).
The generator A of a distribution semigroup G is defined as
A = {(x, y) ∈ E2 : ∀ϕ ∈ D, G(−ϕ′)x = G(ϕ)y}.
Also we want to refer to [15] and [12] for structural theorems for distribution semi-
groups and exponential semigroups (for ultradistribution case see [9, Theorem 2.7]).
An C0-semigroup (T (t))t≥0 in sequentially complete locally convex space E is an
equicontinuous semigroup if the set {T (t) : t ≥ 0} is an equicontinuous set in E.
Moreover, we say that an C0-semigroup is quasi-equicontinuous if there is an a ≥ 0
such that {e−atT (t) : t ≥ 0} is an equicontinuous set.
Let D and E are sequentially complete locally convex spaces and let P ∈
D
′
0(L(D,E)). Then G ∈ D
′
0(L(E,D)) is said to be a distribution fundamental
solution for P = δ′⊗ I− δ⊗A when P ∗G = δ⊗ IE and G∗P = δ⊗ ID. Let E be a
sequentially complete locally convex space. In [16], is given structural theorem for
E-valued distributions and there is an analogue in the case of E-valued tempered
distributions which can be proved similar like in ultradistribution case. Next theo-
rem is a structural theorem for distribution semigroups. Actually, a version of this
theorem is given in [9] for ultradistribution semigroups when E is a Banach space.
The proof is similar.
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Theorem 1.2. (a) A generates a (DSG) G.
(a)’ A generates a (EDSG) G.
(b) A generates a (DSG) G such that for every a > 0, G is of the form
G = P aL(−id/dt)S
a
K on D((−∞, a)) where S
a
K : (−∞, a)→ L(E, [D(A)]) is
continuous, SaK(t) = 0, t ≤ 0.
(b)’ A generates a (EDSG) G so that G is of the form
G = PL(−id/dt)SK on SEa(R), where SK : R → L(E, [D(A)]) is contin-
uous, SK(t) = 0, t ≤ 0 and e−at||Sk(t)|| ≤ A|t|k, for some k > 0 and
A > 0.
(c) For every a > 0, A is the generator of a local non-degenerate Ka-convoluted
semigroup (SaKa(t))t∈[0,a), where Ka = L
−1( 1
Pa
L
(−iλ) ) and P
a
L is a differen-
tial operator such that for 0 < a < b the restriction of P bLS
b
K , on D((−∞, a))
is equal to P aLS
a
K .
(c)’ A is the generator of a global, exponentially bounded non-degenerate K-
convoluted semigroup (SK(t))t≥0, where K = L−1(
1
PL(−iλ)
).
(d) There exists an distribution fundamental solution for A, denoted by G, with
the property N (G) = {0}.
(d)’ There exists an exponential distribution fundamental solution G for A, with
the property N (G) = {0}.
(e) ρ(A) ⊃ Ωα,β = {ξ + iη : α log(1 + |η|) + β} and
||R(λ : A)|| ≤ C(1 + |λ|)k, λ ∈ Ωα,β ,
for some k > 0 and C > 0.
(e)’ ρ(A) ⊃ {λ ∈ C : Reλ > a} and
||R(λ : A)|| ≤ C(1 + |λ|)k, Reλ > a,
for some a, k > 0 and C > 0.
Then, (a) ⇔ (d); (a)’ ⇔ (d)’; (c) ⇒ (d); (c)’ ⇒ (d)’; (d) ⇔ (e); (d)’ ⇔ (e)’;
(a)′ ⇒ (c)’.
Note that the case of exponential distribution semigroup case is given parallel
and it is denoted with ′. The proof of this theorem is similar (even simpler) with [9,
Theorem 2.7], so we omit it.
2. Stationary dense operators in locally convex spaces
Following P. C. Kunstmann [11], we introduce the notion of a stationary dense
operator in a sequentially complete locally convex space as follows.
Definition 2.1. A closed linear operator A is said to be stationary dense iff
n(A) := inf
{
k ∈ N0 : D(A
m) ⊆ D(Am+1) for all m ≥ k
}
<∞.
Example 2.2. Let E = Lp(R), 1 ≤≤ ∞. We consider the multiplication operator
with maximal domain in E:
Af(x) = (x+ ix2)f(x),
x ∈ R, f ∈ E. It is clear that A is dense and stationary dense if 1 ≤ p < ∞. If
p =∞, then A is not stationary dense. Indeed, the function g(x) = 1
x2n+1 belongs
to D(An)\D(n+1), for n ∈ N.
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The abstract Cauchy problem
(ACP1) :


u ∈ C([0, τ) : [D(A)]) ∩ C1([0, τ) : E),
u′(t) = Au(t), t ∈ [0, τ),
u(0) = x,
where A is a closed linear operator on E and 0 < τ ≤ ∞, has been analyzed in
a great number of research papers and monographs (see e.g. [1], [3]-[6], [7], [8]-
[9], [11]-[15], [17] and [18]). By a mild solution of problem (ACP1) we mean any
continuous function t 7→ u(t;x), t ∈ [0, τ) such that A
∫ t
0
u(s;x) ds = u(t;x) − x,
t ∈ [0, τ).
Proposition 2.3. Let 0 < τ ≤ ∞ and n ∈ N0.
(i) Suppose that the abstract Cauchy problem (ACP1) has a unique mild solu-
tion u(t;x) for all x ∈ D(An). Then A is stationary dense and n(A) ≤ n.
(ii) Suppose that (Sn(t))t∈[0,τ) is a locally equicontinuous n-times integrated
semigroup generated by A. Then A is stationary dense and n(A) ≤ n.
Proof. One has to use the arguments given in that of [11, Lemma 1.7] (cf. also [11,
Remark 1.2(i)]) and the fact that for any locally equicontinuous n-times integrated
semigroup (Sn(t))t∈[0,τ) generated by A the abstract Cauchy problem (ACP1) has a
unique mild solution for all x ∈ D(An), given by u(t;x) = Sn(t)Anx+
∑n−1
j=0
tj
j!A
jx,
t ∈ [0, τ). 
Lemma 2.4. Let A be a closed operator in sequentially complete locally convex
space and let (λn) ∈ ρ(A) be a sequence such that limn→∞ |λn| = ∞ and there
exist C > 0 and k ≥ −1 such that for every p ∈ ⊛, there exists q ∈ ⊛, such that
p(R(λn : A)x) ≤ C|λn|kq(x) for all x ∈ E and n ∈ N. Then A is stationary dense
with n(A) ≤ k + 2.
Proof. Let x ∈ D(Ak+1). Then for every p ∈ ⊛, there exists q ∈ ⊛, such that
p(λnR(λn : A)x) ≤ ‖R(λn : A)‖q(Ax). Now for x ∈ D(Ak+2), it follows λnR(λn :
A)x ∈ D(Ak+3) for all N. Furthermore
p(λnR(λn : A)x− x) = p(R(λn : A)Ax) ≤
C′
|λn|
q(Ax).
Hence,
x = lim
n−→∞
λnR(λn : A)x
and x belongs to the closure of D(Ak+3), which means that A is stationary dense
and n(A) ≤ k + 2. 
Example 2.5. The basic idea for this example is from [11]. Let E be a sequentially
complete locally convex space and A is a closed linear operator in E which is not
stationary dense and there exist C, k > 0 (for all k > 0 there exist Ck > 0) such
that
p(R(λ : A)x) ≤ CeM(k|λ|)p(x),ℜλ ≥ 0.
We construct inductively an increasing sequence (Mn)n∈N0 , M0 = 1, and satisfying
(M.1), (M.3)′ and for all λ ≥ 0
∞∑
p=0
λp
Mp
≤ Cke
M(k|λ|).
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The space EMn is defined as
EMn = {f ∈ C
∞([0, 1], E) : ‖f‖Mn,h = sup
n
p(f (n))
Mnhn
<∞, ∀n ∈ ⊛}.
Let A = − d
ds
, with domain D(A) = {f ∈ EMn : f
′ ∈ EMn , f(0) = 0}. Let
g(t) = R(λ : A)f(t) = e−λt
t∫
0
eλsf(s) ds =
t∫
0
e−λ(t−s)f(s) ds. Then g(0) = 0, g is
smooth function and λg + g′ = f . By
g(n) = f (n−1) +
n−1∑
k=1
(−λ)kf (n−1−k) + (−λ)ng
and p(R(λ : A)f) ≤ p(f) we have
p(g(n))
Mnhn
≤
p(f (n−1))
Mn−1hn−1
+
n−1∑
k=1
|λ|k
MkMn−1−khn−1−k
p(f (n−1−k)) +
|λ|n
Mnhn
p(f).
Hence,
‖g‖Mn,h ≤
∞∑
k=0
|λ|k
Mk
‖f‖Mn,h ≤ Ce
M(k|λ|)‖f‖Mn,h,
which means that g ∈ EMn . Moreover, g ∈ D(A) and ‖R(λ : A)‖ ≤ Ce
M(k|λ|) and
A is a generator of an ultradistribution semigroup.
The domain of the operator Ak is D(Ak) = {f ∈ EMn : ∀j ∈ {0, 1, 2, ..., k −
1}, f (j−1) ∈ EMn , f
(j)(0) = 0} and D(Ak) ⊂ {f ∈ EMn .∀j ∈ {0, 1, 2, ..., k −
1}, f (j)(0) = 0}, k ∈ N0. We consider the function f(t) =
tk
k! . Then f ∈ D(A
k),
but not in D(Ak+1), since f (k)(0) = 1. Hence A is not stationary dense operator.
We say that the operator A satisfy the condition (EQ) if:
A∞ is a generator of an equicontinuous semigroup T∞(t) in D∞(A), i.e. for every
p ∈ ⊛ there exists q ∈ ⊛ and C such that
p(T∞(t)x) ≤ Cq(x),
for every x ∈ D∞(A).
Using the results given in [11], [18, Theorem 4.1] we can state similar results in
our setting (E is sequentially complete locally convex space). Assume that A is
stationary dense, satisfies (EQ), n = n(A) and F is the closure of D(An) in E.
Lemma 2.6. a) AF is densely defined in F , where AF means the restriction
of the operator A on F ;
b) ρ(A;L(E)) = ρ(AF ;L(F )) for all λ ∈ ρ(A). Additionally for all x ∈ E and
p ∈ ⊛, there exist n ∈ N, C > 0 such that
p(R(λ : A)x) ≤ C(1 + |λ|)n(p(R(λ : AF )x) + 1);
c) The Fre´chet spaces D∞(A) and D∞(AF ) coincide topologically and A∞ =
(AF )∞;
d) n(A) = inf{k ∈ N0 : D(Ak) ⊂ D∞(A)}.
Proof. a) It is obvious since D(An) is dense in F and D(An) ⊂ D(AF ).
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b) Since D(An) ⊂ D(A), F is invariant under resolvent of A, we obtain
ρ(A;L(E)) ⊂ ρ(AF ;L(F )). Now, let λ ∈ ρ(AF ;L(F )). Then λ − A is
injective, so R(λ : A) is an extension of R(λ : AF ). Let µ ∈ ρ(A). By
R(λ : A) = (µ−A)nR(λ : A)R(µ : A)n, we obtain that λ ∈ ρ(A : L(E)).
It holds, for x ∈ E and all p ∈ ⊛,
p(R(λ : A)x) ≤ pn(R(µ : A)
nx)pn(R(λ : AF )x)p(R(µ : A)
nx)
where pn(x) = sup
p∈⊛
n∑
i=1
p(Aix). Note that (D(An), pn) is a Banach space.
For x ∈ D(An) we have
pn(R(λ : AF )x) = sup
p∈⊛
n∑
i=0
p(AiR(λ : AF )x) =
= sup
p∈⊛
n∑
i=0
p((λk +Ak − λk)R(λ : AF )x) ≤
≤ sup
p∈⊛
n∑
i=0
(
|λ|kp(R(λ : AF )x) +
i−1∑
j=0
|λ|jp(Ai−1−jx)
)
.
The last one inequality, together with the previous one gives the statement
of the lemma.
c) It holds D(An+k) →֒ D((AF )k) →֒ D(Ak), which one holds for all k ∈ N0.
Then
∞⋂
k=1
D(An+k) →֒
∞⋂
k=1
D(AkF ) →֒
∞⋂
k=1
D(Ak),
which gives that D∞(A) and D∞(AF ) coincide topologically and A∞ =
(AF )∞.
d) From the previous lemma, D∞(A) = D∞(AF ) and D(A
n+1) ⊂ D(AF ), we
obtain the conclusion of the lemma.

Theorem 2.7. Let A be a stationary dense operator in E with non-empty resolvent.
Then ρ(A;L(E)) = ρ(A∞;L(D∞(A))).
Proof. By Lemma 2.6 a) we have that AF is dense in F and by b) from the same
lemma it has non-empty resolvent. Then using the proof of [11, Theorem 2.3] and
Lemma 2.6 c), we obtain that ρ(A;L(E)) = ρ(A∞;L(D∞(A))). 
Next example show us if A is not stationary dense operator in E, then the
conclusion of Theorem 2.7 does not hold.
Example 2.8. Let we define the space Sj as
Sj = {ϕ ∈ C
∞(R) : pj(x) = sup
α+β≤j
‖xβDαϕ(x)‖L2(R) <∞}.
Then the test space for tempered distributions S(R) can be defined as S(R) =
lim
j→∞
projSj . Let E = S(R), (E is a Fre´chet space as a projective limit of Banach
spaces, so E is a sequentially complete locally convex space). Define A = − d
dt
on E
with domain D(A) = {f ∈ E : f(0) = 0}. The operator A is not stationary dense
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on E. Note that D∞(A) = {0} and ρ(A∞) = {λ ∈ C : λ 6= 0}. For f ∈ E, λ ∈ C,
and ℜλ > s, we have
(λ−A)−1f =
∞∫
0
e−(λ−s)tf(t) dt
belongs in E. Then ρ(A) = {λ ∈ C : ℜλ > s}. Therefore, we obtain that the
conclusion of Theorem 2.7 does not hold. The same conclusion can be made in the
ultradistribution case. Consider the spaces
E(h) = {f ∈ C
∞(R) : f(0) = 0, pn(f) = sup
k∈N0
sup
t≥k
hn|f (n)(t)|
Mn
< +∞}
E{h} = {f ∈ C
∞(R) : f(0) = 0, pn(f) = sup
k∈N0
sup
t≥k
hn|f (n)(t)|
Mn
n∏
i=1
ri
< +∞}
for (ri) monotonically increasing positive sequence and (Mn) satisfying (M.1) and
(M.3)′. The spaces E(h) and E{h} are Fre´chet spaces. Let A = −
d
ds
with domain
D(A) = {f ∈ Eh : f(0) = 0, Af ∈ Eh}, where Eh stands for both spaces. Let
pn ∈ ⊛ be a seminorm in E{h}. The previous consideration in distribution case for
E = S(R) is similar and more simple then the case with spaces E(h) and E{h}.
Theorem 2.9. Let A be a stationary dense operator in a sequentially complete
locally convex space E, n = n(A) and F = D(An). Then A generates a distribution
semigroup in E if and only if AF generates a distribution semigroup in F .
Proof. The proof of this theorem is direct consequence of Theorem 1.2, Lemma 2.4
and Lemma 2.6 b). 
Following two results are due to T. Ushijima and we can restate it in locally
convex case as following.
Theorem 2.10. Let E be a sequentially complete locally convex space and A be a
closed operator with dense D(A∞). Then A has the property (EQ) if and only if
there exists logarithmic region Ωα,β and k ∈ N and C > 0 such that
||R(λ : A)|| ≤ C(1 + |λ|)k, λ ∈ Ωα,β .
Theorem 2.11. Let E be a sequentially complete locally convex space and A linear
operator on E. The following conditions are equivalent:
i) A is the generator of a distribution semigroup G;
ii) A is well-posed and densely defined;
iii) A satisfy the condition (EQ);
iv) A is densely defined, and there exist an adjoint logarithmic region Ωα,β and
k ∈ N and C > 0 such that
||R(λ : A)|| ≤ C(1 + |λ|)k, λ ∈ Ωα,β .
Proof. We will prove i) ⇒ ii) ⇒ iii) ⇒ iv) ⇒ i). The statements i) ⇔ ii) and
iv)⇒ i) follow from Theorem 1.2 and iii)⇒ iv) follows by Theorem 2.10 It remains
to show that i)⇒ iii) and iv)⇒ ii).
i) ⇒ iii): By the definition of the distribution semigroup, we can conclude that
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D(A∞) contains R(G). Since R(G) is dense in E, D(A∞) is dense in E. By the
results in the third section from [19], we obtain that
(λ−A∞)
−1(1⊗ x)(ϕˆ) = G(ϕ)x,
for any ϕ ∈ D and x ∈ D∞(A). Note that with (λ − A∞)−1 is denoted the
generalized resolvent. Let fλ(t) = µ(t)e
−λt, where µ ∈ D and µ(t) = 1 for |t| ≤ 1.
Define the operator R∞(λ) = G(fλ). Since G ∈ D′0(L(E)), for all p ∈ ⊛, there
exists q ∈ ⊛, k ∈ N, C > 0 such that for all x ∈ E, λ ∈ C, ℜλ ≥ 0
p(R∞(λ)x) ≤ C(1 + |λ|)
kq(x).
Now, for any x ∈ D∞(A), ϕ ∈ D, a > 0,
1
i
a+i∞∫
a−i∞
ϕˆ(λ)R∞(λ)x dλ =
a+i∞∫
a−i∞
( 1
2πi
∞∫
−∞
ϕ(t)etλ dt
)
G(fλ) dλx =
= G
(
µ(s)
1
2πi
a+i∞∫
a−i∞
dλ
+∞∫
−∞
ϕ(t)e(t−s)λ dt
)
x = G(µ · ϕ)x =
= G(ϕ)x = (λ−A∞)
−1(1⊗ x)(ϕˆ).
Again, using third section in [19], we obtain∫ ∞
0
ϕ(t)T∞(t)x dt = G(ϕ)x,
for all ϕD and x ∈ D∞(A), which gives iii). v)⇒ ii): It is same like in (v)⇒ (ii)
of [18, Theorem 4.1]. 
Theorem 2.12. Let A be a closed operator in E. Then A generates a distribu-
tion semigroup in E if and only if A is stationary dense and A∞ generates an
equicontinuous semigroup in D∞(A).
Proof. Let A generates distribution semigroup in E. By simpler version of Theorem
1.2 and Lemma 2.4, A is stationary dense. Now, let n = n(A) and F = D(An).
Then by Lemma 2.6 a) and Theorem 2.9 AF generates a dense distribution semi-
group in F . Then (AF )∞ generates an equicontinuous semigroup in D∞(AF ). By
Lemma 2.6 c) follows the conclusion.
Opposite direction. Let A is stationary dense and A∞ generates an equicontinous
semigroup and n = n(A) and F = D(An). Then AF generates a distribution semi-
group in F . By Theorem 2.9 we obtain that A generates a distribution semigroup
in E. 
Theorem 2.13. Let A be a closed operator in E. Then A generates an exponential
distribution semigroup in E if and only if A is stationary dense and A∞ generates
a quasi-equicontinuous semigroup in D∞(A).
The proof is direct consequence by the results of exponential distribution semi-
groups listed before.
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